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Abstract 



< 

, This paper is devoted to describe the finite-dimensionality of a two-dimensional micropolar fiuid 

^ • flow with periodic boundary conditions. We deflne the notions of determining modes and nodes and 

estimate the number of them, we also estimate the dimension of the global attractor. Finally we 
compare our results with analogous results for Navier-Stokes equation. 

T— I ■ 
> 
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^ '. 1 Introduction 

O ■ There are some heuristic as well as based on dimensional analysis arguments suggesting that the long- 
time behavior of a turbulent flow is determined by a finite number of parameters. These arguments are 
based on a conjecture that rapidly varying, high-wavenumber components decay as fast as they leave 
lower-wavenumber ingredients unaffected. It turns out from Kolmogorov's theory that in 3-dimensional 
5^ , flows only the wavenumbers up to the cutoff value Xk = {e/iy^)^^^ need to be considered. The question 
is then reduced, as explained in [3], to find the number of resolution elements necessary to be considered 
to describe the behavior of a fluid in a volume - say a cube of length Iq on each side. The smallest 
resolved distance is 1^ = 1/Xk and therefore the number of resolution elements is {lo/ld)^- 

A theory of Kraichnan j^, referring to a 2-dimensional turbulent flow, allows us to estimate the 
number of resolution elements to be considered as {lo/XKr)'^, where Xxr is the Kraichnan length Xkt- = 
i^^/xV^^ and X is the average enstrophy dissipation rate. We refer the reader to [5j for more detailed 
discussion of turbulent length scales. 
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The notion of determining modes arise naturally during consideration of the Fourier decomposition 
of a flow. There are some results concerning determining modes in the context of 2-dimensional Navier- 
Stokes equations. Foias and Prodi showed in [6] that if a number of Fourier modes of two different 
solutions have the same asymptotic behavior, then whole solutions have the same asymptotic behavior 
too. Subsequent works have been aimed at estimating how many low modes are necessary to determine 
the behavior of a flow. The most recent results are in [7] for the case of no-slip boundary conditions and 
in [8] for the case of periodic boundary conditions. The number of determining modes for 2-D micropolar 
fluid flow with no-slip boundary conditions was estimated in [9|. 

In many practical situations, for instance physical experiments, data are collected from measurements 
in finite points in a domain of a flow. Therefore occurs a question how many measurement points are 
necessary to determine the long-term behavior of a flow. This leads to the notion of determining nodes, 
which was introduced by Foias and Temam in [10]. The most recent estimate for the lowest number of 
determining nodes for Navier-Stokes equation in space-periodic case was derived in [8]. 

Another approach to describe the asymptotic behavior of a flow with a finite number of parameters 
is to use a global attractor. For every trajectory u in the phase space we can choose, due to "Shadowing 
Lemma" (c.f. [H]), a trajectory ua lying on the attractor, that is arbitrary close in an interval of 
time, that is \u{t) — UA{t)\ < e for i G (to,ii)- On the other hand the global attractor has finite 
Hausdorff and fractal dimension, so we can parametrize it by a finite number of parameters (c.f. [12| . 
|13j . |14|). Therefore we can describe approximately the long-term behavior of a flow by a finite number 
of parameters. 

There are many results concerning the dimension of attractor for Navier-Stokes equation with a 
variety of boundary conditions cf. ie. periodic boundary conditions in [15], pipe-like domain with 
arbitrary inflow at infinity in |16j . The dimension of attractor for micropolar fluid equations with 
various boundary conditions was estimated in [17], |18) . 

In this paper we will consider all of mentioned above ways of determining the long-time behavior of 
a micropolar fluid flow by finite number of parameters. We estimate the lowest number of determining 
modes and nodes, and the dimension of the global attractor. 

We will consider the micropolar fluid equations, which in two-dimensional case have form (c.f. [17] ) 

3u 

— - (i/ + I/,.) An + (n • V)u + Vp = 21/^ rotw + /, (1.1) 

divu = 0, (1.2) 

^ — aAw + (u • V)cj + AurUJ = 2ur rot u + g, (1.3) 

where u = {ui,U2) is the velocity field, p is the pressure and uj is the microrotation field interpreted as 
the angular velocity of particles. In 2-dimensional case we assume that the axe of rotation of particles 
is perpendicular to xi,X2 plane. The fields / = (/i,/2) and g are the external forces and moments 
respectively. Positive constants z^, t'rjO are the viscosity coefficients and 

du2 dui dui du2 ( du) duj 

rotn=- -— , divtt = - h ir— , rota; = 

OXl OX2 OXl OX2 \OX2 OXl 
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We supplement these equations with initial condition 

u{x,0) = uo{x), cj(x,0) = u>o{x) 

and periodic boundary conditions 

u{x + Lei,t) = u{x,t), uj{x + Lei,t) = uj{x,t) Vx e > 0, 

where ei, 62 is Euclidean base of and L is the period in the i-th direction; Q = (0, L)^ is the square 
of the period. 

The existence and uniqueness of solutions for this model as well as existence of the global attractor 
was proved in [T9]. We also assume (like in [T9]) that the space averages of u,Lli, f and g vanish. 
This paper is organised as follows: 

In section [2] we introduce function spaces and operators used throughout this article. 
Section [3] presents some a priori estimates we need in the sequel. 
In section |4] we estimate the number of determining modes. 
The number of determining nodes is estimatef in section [3 

Section [6] is devoted to recall the notions of fractal and Hausdorff dimension and to estimate the 
dimension of global atractor. 

2 Mathematical setting of the problem 

In this section we introduce function spaces and trilinear forms b and 61, Stokes and —A operators and 
operator rot which are necessary in our consideration. 

Function spaces. 

We will denote by X the space X x X with standard product norm . 

L'^ is the usual Lebesque's space L'^{Q) for q G [1, 00]. We denote the scalar product in by (•, •) 
and the norm in by | • | when it doesn't produce confusion. 

H"^ is usual Sobolev spaces H"^{Q) for m G N. 

By H^{Q), m £ N we denote the space of real functions which are in HJ^J^^) and periodic with 
the period Q: u{x + Lci) = u{x) i = 1,2. 

For an arbitrary m G N, HJ^{Q) is a Hilbert space with the scalar product 

{u,v)m= Yl J D''uix)D'^v{x)dx 

\a\<mQ 

and the norm induced by it. The functions in H^{Q) are explicitly characterized by their Fourier series 
expansion 

H^iQ) = lu:u= Ufee^^-'^/^ Ufc = \u\m = J2 I^P'kfcP < 00 I , 
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where k/L = {ki/L,k2/L), the norm \u\m is equivalent to the norm {^kez^i^ + We 
also set 

i^™(Q)={nG//-(Q),co = 0}. 

H and V are the divergence-free subsets of Mp{Q) and Wp{Q), respectively. We equip V with the 
scalar product and the Hilbert norm 



i=l 



du dv 
dxi ' dxj 



\u\\={{{u,u))Y/\ 



This norm is equivalent to the norm induced by Hp{Q), and F is a Hilbert space for this scalar product. 

One can check that H~"^ is the dual space to -ff™, we also denote the dual space to as y. 

Let H and V denote H x Hp and V x if^, respectively, with standard product norms. 

L'^(0, T; X) is the space of strongly measurable functions u: (0, T) X , where X is a Banach space, 
with the followning norm 



M\li{0,T;X) 



T \ 

ess sup 
L te(o,T) 




1 < g < 00, 
q = 00. 



C([0,T],X) is the space of continuous functions u: (0,T) X, where X is a Banach space, with the 
usual norm. 



Stokes and —A operators. 

Let us consider Stokes problem, which is obtained from the Navier-Stokes equation by neglecting all 
time-dependent and nonlinear terms. Thus it is the following one: for given / G Hp or Hp ^, find u E Hp 
and p ^ such that 

- Au + Vp = f, V-u = 0. (2.1) 

It is shown (cf., e.g. [HI ED]) that the Stokes operator A associated with space periodicity condition is 
simply —A (provided that / G H) with domain D{A) = Hp n H. A is one-to-one map form D{A) onto 
H. 

The operator A~^ is linear, continuous from H into D{A). Since the injection of D{A) in H is 
compact, we can consider A~^ as a compact operator in H. A~^ is also self-adjoint as an operator in 
H. Hence it possesses a sequence of eigenfunctions wj, j S N which form an orthonormal basis of H 

Awj = XjWj, Wj G D{A), 

< Ai < A2 < . . . , Aj — > 00 for j ^ 00. 

The operator —A has the same properties as the Stokes operator. The eigenvalues are the same but the 
eigenfunctions are different, because we consider u to be in M, and we denote them by p^. For notation 
consistence we write Ai instead of —A. 
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We can express every element u ^ H and (jJ G Hp as 

oo oo 
uix, t) = Ukit)Wk{x), uj{x, t) = ^ u)k{t)pk{x). 
k=l k=l 

The Galerkin projectors corresponding to the first m modes are: 

m m 
k=l k=l 

We also denote projections onto modes higher than m by Qm and 

oo oo 

Qmu{x,t) = ^ uk{t)wk{x) QlnUj{x,t)= ^ iOk{t)pk{x). 

k=m+l k=m+l 

Trilinear forms. 

We define the trilinear forms b and bi as follows 



2 n Qu 

b{u,v,w) = / Ui—^Wjdx 
■ J OXi 



for all UjVjW G V and 



bi{u,uj,ip) = X] / 



i=l 

for all u £ V, and all scalar functions oj,ip £ Hp{Q). The forms b and bi have the orthogonality property 

b{u,v,v)=0, bi{u,uj,uj) = 0. 

In the 2-dimensional space-periodic case the form b has one more orthogonality property [20j 

b{u,u,Au)=0 yu£D{A), (2.2) 

which the form bi does not have - it is not true that bi{u,uj, Aito) = for all u G D{A),lli £ D{Ai). 
The lack of this orthogonality property causes that the a priori estimates, we obtain in the sequel, are 
more involved than analogous estimates for NSE with periodic boundary conditions. 
We do some estimates of the forms b and bi using the Ladyzhenskaya inequality [2T| 

/ e \ 1/4 

\\u\\Li<i-j |u|^/2||^||i/2^ foralluGij^, 
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and the Agmon inequality [22l [23] 

< -^\u\^^^\Au\^/^, for all u € D{A). 



'IT 

The most relevant estimate of the constants are obtained in [23]. We also use the Holder inequality: 

\b{u,V,w)\ < Ci|n|V2||^||l/2||^|| . |y^|l/2||^||l/2 ^^^^^ g 

\biu,v,w)\ < ci|n|i/2||n||i/2||^||i/2|^^|i/2|y,| u€V,v,w£ D{A), 

\b{u,v,w)\ < ci|n|^/2|^^|i/2||^|| . ^ ^ D{A), v e V, w e H, 

MU,U;M < Ci|t.|V2||n||l/2|^|l/2||^||l/2||^|| ^^^^^ ^ ^1^ 

\biiu,uj,AiiP)\ < ci|'«|V2|^^|i/2||^|| . i^^^i u e D{A), to G H^, -0 G 

|6i(n,u;, < Ci|7x|V2||^||l/2||^||l/2|^^^|l/2|^^^| ^^y^^^^^ ^(^^) 

for an appropriate constant ci. 

The operator rot has the following properties, 



(2.3) 



rot u-ujdx = J rotuj-udx, (2.4) 
Q 

j\iotoj\^dx = j\Vuj\^dx, (2.5) 
Q Q 

J\mtu\'^dx = j\Vu\^dx, (2.6) 



for all tt G y and uj G Hp. 



3 A priori estimates 



In this section we derive some a priori estimates, which we use in the sequel. We will obtain these in 
the terms of asymptotic strength of forces and moments. To this end we set 



F = limsup(|/(t)|2 + |g(t)|2)i/2 (31) 

and 



A;i = min{i^, a}, /c2 = ^i-^i- (3.2) 



All inequalities, apart form the latter, we use throughout this section come from [19]. Let us consider 
the following one 

|(|n(t)p + |a;(t)p) + k, (|n(t)p + |a;(t)p) < k:,' (|/(t)p + |5(t)n • (3.3) 
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Integrating it with respect to t in the interval (0, t) we obtain in particular 

t 

Ht)\^+ Ht)\^ < \uof + |u;oP + k^' [ + \g{sr) ds 



< \no\' + \u:o\'+k,' (||/||i.(o,T;H) + ll5lli.(o,T;i/o)) ^^'^^ 

< \uo\' + |a;oP + k,' (||/||i2(o,oo;H) + MI^oJ-,ho)) ^ 

which implies the uniform bound of the norm of solution in Tl. 

We apply Gronwall's inequality to (13. 3p to obtain an uniform with respect to initial conditions bound 
of the norm of solutions for large times. We proceed as follows 

\u{t)\^ + Ht)\' <e-'=^(*-*»)||n(to)P + k(to)P 

+ ^2"' / {\fis)\' + \9is)f)e'^^^^-'»Us\ 
to > 

<e-'^^(*-*o)||n(to)P + k(to)|' 

+ ^2-7 (ll/lli-(*o.;H) + IMli.(,„,,^o)) e^^^^-^^^) ds\ 
to ^ 

<e-'=^(*-*o)||n(to)P + k(to)|' 

+ ^2-^(ll/lli^(.o,.;H) + ll5lli.(,„,,^o)) (e^^(*-«)- 



<e-'=^(*-*o)(|n(to)|' + k(to)|') 



H) -r \\y\\loo(^to,t;HO-)J > 



hence for to and t large enough 

\n{t)\' + Ht)\'<^F'. (3.5) 
To estimate the average of the square of the norm of solutions in V we use the inequality 

j^iHtr + + k, {Mt)\\' + Mt)\f) < k^' + . (3.6) 
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By integration we obtain 

t+T 

\u{t + T)\^ + \oj{t + T)\^ + h j (||n(s)||2 + ||c^(s)||2) ds 

t 

t+T 



<k^' / {\fis)\' + \gis)\') ds + \uit)\' + \u;{t)\^ 



Because + is uniformly bounded with respect to t (c.f. (|3.4p ). then for t and T large enough 

we have 

t+T t+T 

i / \\u{s)\\' + Ms)\\') ds< ihh)-'^ \fis)\' + \9is)\'ds + ^{\u{t)\' + Ht)\') 

TJ Tj T (3.7) 

< F^. 

kik2 

In order to derive two more estimates we consider the inequality 



< (^|n(t)n|^(t)|p + ^) iWum' + Mm') (3-8) 



Let us set 



y{t) = \\u{t)r + \\u;m\ 

W^u a 
Mt) = ^(l/(i)P + b(i)P), 



then we can rewrite (13. 8|) in the form 
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We check assumptions of uniform Gronwall's lemma (c.f. [15]). For t and r large enough we have 

t+r t+r 

J ~9{s)ds< I ||g(Ks)|2 + |u;(.)p) (||n(.)||2 + ||c.(s)in + M| ds 
t t 



t 

8u^r 8Cr ~, 

t+r 

/3r 
h(s)ds <— = 02, 
ki 

t 

t+r 

J y{s)ds <^F^ = a3. 
t ^ 
Therefore by uniform Gronwall's lemma we obtain 



/ M,9 ,, , M,9 2 + Skor ~n /8z/^r 8Cr ~ . i , , 

uim^ + < ——^F^exp + -^—-^^ ' (3-9) 



kik2 \ a a'^vkik2 

for all t > to + *o such that above estimates holds. Let us denote for notation simplicity 

2 + 2>k2r . 8v'ir „ 8Cr 



^2 

Cl = -r~i ' C2 = — , C3 



kik2 ' a ' a^z^fci/cl' 

then (|3.9p becomes 



Now we want to derive the estimate on the average of square of the norm of solution in D{A) x D[Ai). 
Integrating (|3.8p on the interval {t, t + T) with respect to t we get 

\\u{t + T)\\'+Mt + T)\\'-\\u{t)\\'-Mt)\\' 

t+T 



+ ^ I {\Au{s)\' + \AMs)\') ds 



t 

t+T , 



< 



^|n(t)p|Mt)||^ + ^)(||u(t)|p + ||a;(t)|H 



+ f-^{\fit)\' + m\') Us, 
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hence 

t+T t+T 

i I (|An(.)p+|Aia;(.)nds<i^(||u(t)|p + ||u;(t)||2) + ^l J {\f{s)\' + \g{s)\') ds 
t ^ t 

t+T , s 

+ 1^1/ f^(Ks)P + |u;(.)p).(|K.)|p + ||a;(s)|p)+^j 

■ {Ms)\\' + Ms)\\') ds. 

Because solutions are uniformly bounded in the V norm for large t, then for t and T large enough 

t+T t+T 

i J {\Au{s)\'+ \AMs)\')ds<^^F' + ^^ I (|Ks)|p + |K.)|p) ds 



t 

t+T 

4^ 1 f {\n{s)\' + \u{s)\') {\\u{s)\\' + Ms)\\')' ds 



t 



< ,l + i^U2 + ^^^2 (3.11) 

kl akfk2j a^vkik^ 

t+T 

^ ^ '■|u(s)|p + |M.)||2)(||n(.)||2 + |K.)||2) ds 
I 5 322^2 \ -,2 16Cci ~a / . ~4\ 



fc^ akfk2 J a'^vk'lk2 

We need one more to estimate the number of determining modes in terms of H^^ norm of forces and 
moments. Taking the scalar product of (jl.ip with u in we obtain 

+ + = 2vr{Totoj,u) + {f,u) (3.12) 

because b{u, u, u) = 0. We estimate the terms of the RHS of (|3.12p as follows 

/ \ / \ llllll ll*? II I I O 

2fj.(rot u;, u) = 2t'r(w,rotn) < 2ur\uj\ ■ \\u\\ < 2vy\'^\ H \\u\\ , 

1 ^ (3 13) 

U,u)<\\f\\u-l\\u\\H<'^\\u\\^ + -\\f\g-,. 

We treat (II. 3p in an analogous way. We multiply it by integrate over Q and we have 

- — |u;|^ + a||u;|p + Avr\oj\'^ = 2fr(rotu,a;) + {g,u>). (3-14) 
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The terms of the RHS of (|3.14l) are estimaded 



2 I 1 1 1 1 2 



2iyj.{iotu,uj) < 2vj.\oj\ -\ \\u 

\ (3-15) 
\9.^) < \\9\\h--^\M\ < ^W^W + 2^ll^ll^^-'- 

Adding equations (I3.12p and (|3.14l) . using estimates (IS.lSp and (|3.15p we arrive at 

I (|np + l^p) + k, {\\u\f + IkP) < ^ (ll/ll^-. + Mil-.) . (3.16) 
Let us notice that (|3.16|) looks similar to (|3.6p . Therefore, proceeding in the same way we obtain 

t+T 

i I i\\u{s)\f + Msm')ds<^Fl, (3.17) 
for t and T large enough. Finally we have all a priori estimates we need in the sequel. 



4 Determining modes 

In this section we introduce the notion of determining modes for micropolar fluids and estimate the 
number of them in terms of parameters of the model. We follow the method described in |24| . 

Let us consider two solutions of 2-D micropolar fluid equations {ui,uji) and (m25'.^2) {ui = {uj{x,t),uf{x,t)) 
and iOi = uJi{x,t)) corresponding to two possibly different pairs of external forces and moments (/i,(7i) 
and (/2,52) respectively. More explicitly, {ui,uji) and {u2,lo2) satisfy the equations 

+ ur)^ui + {ui ■ V)ui + Vp = 2i/^rotwi + /i, (4.1) 

diviii = 0, (4.2) 



aAcJi + (til • V)u;i + Auri^i = ^.i/r rot ui + gi (4.3) 

(l/ + iyr)Au2 + {U2 ■ V)U2 +Vq = 2Ur rot UJ2 + f2, (4.4) 



dt 

and 

du2 
'dt' ~ 

divii2 = 0, (4.5) 

- aAuj2 + {u2 • V)uJ2 + 4:i'rUJ2 = 2uj. rot U2 + 92-, (4.6) 

with corresponding pressure terms p = p{x,t) and q = q{x,t). The boundary conditions are periodic for 
both problems. It is assumed, that external forces /i, /2 and moments gi, g2 have the same asymptotic 
behavior for large time, that is, 

j {\fi{x,t) - /2(x,t)|)^_i + \giix,t) - g2ix,t)\%-i) dx ^ as i ^ oo. (4.7) 
Q 
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Definition 1. The first m modes associated with Pm and are called determining modes if the 
condition 

j {\PmUi{x,t) - PmU2ix,t)f + \PiuJi{x,t) - PiuJ2ix,t)\'^) dx ^ as t ^ OO (4.8) 



and the condition for forces and moments (|4.7I1 imply 

{\QmUi{x, t) - Qmmix, + \QlnUJi{x, t) - Q]^uj2{x, t)\^) dx ^ as t ^ OO. (4.9) 



Q 

We will give the estimate of the value of the number m in terms of asymptotic strength of the forces 
and moments measured in terms of their and norm, that is 

F = lhnsnp{\f,{t)\^ + \gi{t)\Y\ 

t— >oo 

F-i=limsup(||/i(t)||^_. + |bi(t)||^-i)'/'. 

t— >oo 

Theorem 1. Let fi G L°°{0,T;n), Qi £ L'^{0,T; L'^) for i = 1,2. If the forces and moments satisfy 
condition (14.71) . then the first m modes are determining in the sense of Definition\^ provided that 

16i/2 8c? -2 

~ dXiaki dXik^kf ~^ 

Proof. This estimate is similar to that obtained in but in this paper we have relaxed the convergence 
of forces and moments to be only in H~^. Moreover, the obtained estimate is in terms of their 
norm. The same argumentation works in the case of no-slip boundary coditions. 

Our estimate is based on the following generalization of the classical Gronwall's lemma (c.f. p4]). 

Lemma 1. Let 7 = ^{t) and f3 = (3{t) be locally integrable real-valued functions on [to, 00) that satisfy 
the following conditions for some T > 0: 

t+T 

1 



liminf- / 7(t) dr > 0, (4.10) 

f^OO 1 



t 

t+T 



limsup— / 7 (r)(ir <cxD, (4-11) 

t^oo T J 



t 

t+T 



hm i / /?+(r)(iT = 0, (4.12) 

t^oo i 
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where 7 (t) = max{— 7(t), 0} and (3^{t) = max{/9(t), 0}. Suppose that ^ = ^(t) is an absolutely contin- 
uous nonnegative function on [tQ,oo) that satisfies the following inequality almost everywhere on [to, 00); 

§-'^<-^- 

Then ^(t) ^ as t ^ 00. 

Writing the equations of micropolar fluid in functional form for a pair of solutions (ui,u!i) and 
{u2,uJ2) and subtracting them we find 

ut + {ly + i'r)Au + B{u, ui) + B{u2, u) = 2vr rot w + /, (4-13) 
ut + aAiuj + Bi{u, wi) + Bi{u2,io) + 4fr'^ = 2^,- rot u + g, (4-14) 

where u = ui — U2, u: = toi — 002, / = /i — /2 and g = gi — §2- First we will deal with the equation 
(|4.13ll . multiplying it by QmU and integrating over Q we obtain 

]j^^\QmU\'^ + + Vr)\\QrnU\\'^ + h{u,Ui,QmU) +b{u2,U,QmU) (4:15) 

= 2iyr{lCOtLJ,QmU) + (/, QmU). 

We estimate the linear terms of the RHS of (I4.15P as follows 

{f.QmU) < ||/||H-i||Qm^i||Hl < ^ ^^^'' \\QmU\\^ + ^ ^ II/IIh-I' 

2t',.(rota;,(5m'u) = 2Vr[{Pm^O^^-,QmU) + (QmrotWjQm'u)] < 2fr.|Qmrott<;| • \QmU\ 

<'^\\Qlu\\'+^AQmU? 

8 a 

because (P^ rotu;, Qm"") = 0. In order to estimate the form b we write 

b{u,ui,Qmu) = b{PmU,Ui,QmU) + b{QmU, Ui, Qmu) (4.16) 
and (because b{u,v,v) = 0) 

b{u2, U, QmU) = b{u2, PmU, QmU). (4-17) 

Using (12.31) and the Young inequality we infer that 

b{PmU,Ui,QmU) < Ci|P,„n|^/2||p^^||l/2|^^|l/2||^^||l/2||g^^||^ 
b{QmU,Ui,QmU) < Ci\QmU\ ■ \\QmU\\ ■ \\ui\\ 

^ + ^rn^ ,,2 ,^ ,3,, ,,0 (4-18) 

8 U + Vr 



b{u2,PmU,QmU) < Cl\u2\^l^\\u2\\^/^\PmU\^/^\\PrrM\^l^\\Qr. 



,U\ 
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Now we treat the equation (I4.14p in a similar manner. Taking it's scalar product with Ql^'^ in Hp 
we obtain ^ ^ 

^-^IQln'^l'^ + O^WQln^W^ + bi{u,uJi,Ql^uj) +bi{u2, UJ , Qj^Uj) ^^ .^g^ 

= 2iyr{Totu,Ql^uj) + {g,Ql^u;). 

The terms of the RHS of (|4.19|) are estimated as follows 



4 a 
and the form bi as will be stated next 

6l(P„n,^l,Q» < Ci|P„n|V2||p^^||l/2|^^|l/2||^^||l/2||gl^^||^ 
b,{QmU,UJuQlu;) < Ci|Q™n|V2||Q^^||l/2||^^|| . |gl^^|l/2| |l/2 



< {\QmU\ ■ \\QmU\\ + \Ql,Uj\ ■ \\QlnUj\\) (4 20) 

b^iu2,Piu;,Qlu;) < c,\u2\'/'\\u2\\'/'\\Qlu;\\ •T^'^^l V2| |p^^| |i/2. 
Adding (|4.15p and (14.191) and using foregoing estimates we arrive at 

{\Qmu\^ + \QlnU;\^) +ki iWQmuW^ + \\QIu;\\^) 

.2 4,2 , ^ ^ X (4.21) 



{\Qmu\' + \Ql-^?) + ^ (iiniii^ + iKip)) < m 



where 

/3(t) = all terms converging to as t — > cxd, 
= min(z/ + Vy, a). 

We make use of the following inequalities Am+i|Qm^*P < HQm'ulP and Am+i|Qm'^lP ^ IIQm'^lP in order 
to write (|4.2ip in a form which allows us to use the generalized Gronwall Lemma (Lemma [1]) 



+ + |Q^^|2) . f A:iA™+i - (||ui||2 + - \ < /?. 



(4.22) 



Denoting 

m = \Qn,u\^ + \Qluj\^ 



7 t = - (||ui p + I wilp) ^ 
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we can write (|4.22l) in the form 

Now we have only to check the assumptions of Lemma [H In section [3] we have shown that (see (|3.17ll ) 

t+T 



T 

t 

To check assumption (I4.10p we write 

t+T 



^ j \\u,{s)\\^ + \\u,{s)\\^ds<^Fl,. 



1 f 16u^ 2c^ 

liminf— / ^(s)ds>kiXm+i ^ - Umsup — ^ (IliiilP + Nwilp) 

t^oo T J a t^oo fcs 



This assumption is satisfied for 



> k,\^^, - —- - ^F_,. 

16i/2 8c? ~9 

m > + ', F^, 4.23 

dAiaki dXik^kf 

It's easy to check that if m satisfies (I4.23P then the other assumptions are also fulfilled. That ends the 
proof. □ 

Corollaries 

This part of the paper was inspired by the paper of J.C. Robinson [2S], in which he shows how the 
spatial distribution of a force influences the dimension of a global attractor for Navier-Stokes equation. 

Suppose that the asymptotic amount of forces / and moments g is equal to F. We check how the 
spatial distribution of external forces and moments influences the number of determining modes. We 
consider some cases and write the calculations only for / because these for g are exactly the same. 

1. Let us consider that the forces and moments act only in two scales i.e. 

\fn{tr = \fN{t)\' = 

Then the EI~^ norm of / satisfies 



-1 



\f\' - + 



2 \Xn Xn J \n N 

That, after inserting to (I4.23|) . gives us 

dXiaki dXik^kf \n Nj 
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Therefore the number of determining modes depends on inverse of the number of modes in which 
forces and moments are acting. 

2. Suppose that forces and moments are acting only in some scales and we know nothing about the 
distribution of it's magnitude through modes 

N 



f = ^fkWk- 

k=n 

The following inequalities are straightforward consequence of the definition of the norm in EI~^ 

t3-|/P< 11/11^1 <^|/P 

and we arrive at 

1 ^2 < < 1 ^2^ ^4 24) 

Xn Xn 

Inserting ([424ll to ([4231) we get 

16i/2 8c? ~o . IQv'i 8c? 



dXiaki dXik^kf dXiaki dXik^kf Xn 

3. Assume that the magniude of forces is uniormly distributed in the first modes that is \ fk 
(1/A^) 1/1^2- Then the following equalities hold 

N 



Since for large k is Xk ^ c - k then F-i ~ A^~^/^(ln A^)^/^i^ and we have the following estimate of 
the number of determining modes 

m > + , F^jV-V2(inAr)i/2. 

dXik^ki dXik^kf 

4. Let us consider that the forces and moments act in first scales and the norm of each mode 
incerases linearly with it's number 

'•^ ' A^(A^ + l) 



for fc = 1, . . . A^. Then we have 

r. 

= \ / . 

^Afen(n + 1) n(n + l)^Afc 



2 _ " 1 2k\\f\\l, _ 2\\f\\l, " k 
^Xk.n(n + l) n(n + l)^Xk 
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Since Afc ~ A: then 

ll/lli^ 



and the (I4.23P implies 

16f2 cF2 

"1 > , \ + ^ 



5. Now we assume that the norm of each mode decerases linearly with it's number, that is 

\h\' = ^rTr,-in + i-k). 

n[n + 1) 



Thus we have 

2 „ , 1 7. oil ^Il2 " , 1 \ oil ^Il2 

n(n + 1) 



fc=l ' ' k=l 

Prom (14.23(1 and the foregoing we infer that 

m > + ,. , jn —, — — (n + Ijlnn - n . 

dXik^ki dXikskf n{n + 1) 

Above considerations show that if we increase the number of modes in which the forces and moments 
act or we act only in modes with high-wavenumber then the number of modes necessary to determine 
the flow decreases. It could be so because in small scales, corresponding to high-wavenumber modes, the 
damping effect of viscosity is stronger than in large scales. Moreover the number of determining modes 
depends on how are the forces and moments distributed throughout the modes. 

5 Determining nodes 

In this section we define the notion of determining nodes and estimate the number of them in terms of 
asymptotic strength of forces and moments F. 

We consider two solutions of micropolar fluid equations and {u2,i^2)' 

dix 

— + Ur)^ui + (ui ■ V)tii + Vp = 2Mrrotu;i + /i, (5.1) 

divui = 0, (5.2) 

and 



aAuji + (til • V)u;i + 4z^r'^i = 2z/r rot ui + gi (5.3) 



— (v + Vr)Au2 + {u2 ■ V)n2 + = 2^-^ rot t<;2 + /2, (5.4) 
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div^i2 = 0, (5.5) 

dL02 

aAa;2 + {u2 ■ V)w2 + 4frW2 = "^^r rot U2 + §2-, (5.6) 

corresponding to two possibly different pairs of external forces and moments (/i,(?i) and (72,52) respec- 
tively, the corresponding pressure terms are p = p{x,t) and q = q{x,t). The boundary conditions are 
periodic with vanishing space averages for both problems. We assume, as in previous section, that forces 
and moments have the same asymptotic behavior but now we want them to converge in the norm, 
that is, 

J {\fiix,t)-f2{x,t)\'^ + \gi{x,t)-g2{x,t)\^)dx^0ast^oo. (5.7) 
Q 

We consider a set of A'' measurement points (called nodes), denoted by E, E = {x^,x'^, . . . ,x^}. We 
assume, that these points are uniformly distributed within the domain Q in the sense that Q may be 
covered by A'^ identical squares Qi, ■ ■ ■ ,Qn such that there is one and only one given point in each 
square: x'^ £ Qi. 

We assume, that the flows have the same time-asymptotic behavior at measurement points. This 
condition can be written in the form: 



and 



max \ui{x^ ,t) — U2{x\t)\ ^ 0, as f — > 00 (5.8) 

j=l,...,N 

max \uji{x^ ,t) — uj2{x^ it)\ ^ 0,as t ^ 00. (5.9) 

j=l,...,N 

We want to estimate how many points of observation are necessary to determine the asymptotic behavior 
of a flow in the following sense: 

Definition 2. The set S is called a set of determining nodes if (15.8(1 . (15. 9p together with condition for 
forces and moments (|5.7p implies 

{\ui{x, t) — U2{x, f)p -I- \oJi{x, t) — uj2{x, f)p) dx ^ ^ as t ^ CO. (5.10) 

We will actually show, that (|5.8p . (15. 9p and (I5.7P imply that solutions converge to each other in a 
stronger norm associated with enstrophy, that is 



(|Vni(x,i) - Vu2(x,i)|^ + |Va;i(x,t) - Vuj2{x,t)\^) dx ^ as t 



00. 



Q 

Let us denote 



ri(w) = max \w(x-')\ 



for each velocity or microrotation field w. 



18 



There are two lemmas used in the proof of existence of a finite set of determining nodes. One of 
them is generalized Gronwall's lemma, already used in previous section, the other one is the following 
lemma from [8]. 

Lemma 2. Let the domain Q be covered by N identical squares. Consider the set S = {x^, . . . x^} of 
points in Q, distributed one in each square. Then for each vector field in Mi, the following quantities 



hold: 



||u7||2 < cNr]{w)'^ + -^lAwp, (5.12) 

||i«|lioo(Q) < cNijiw)^ + A^v'^"^'"' ^^-^^^ 
where the constant c depends only on the shape of Q i.e. L1/L2. 

Theorem 2. Let Q be domain covered by N identical squares Qi, ■ ■ ■ ,Qn and consider a set S = 
{x^, . . . ,x^} of points in Q distributed one in each square G Qi, for 1 < i < N . Let fi and f2 be two 
forcing terms in L°°(0, 00; gi and §2 be two moments in L°° {0, 00; Hp), satisfying (|5.7|1 . 

Then the set T, is a set of determining nodes in the sense of Definition \M for the 2-dimensional 
micropolar fluid equations with periodic boundary conditions provided that 

Aifci I a 

,2^ ^ + —TJU^ exp(c2 + CsF\ 

aK^K2 auk^k2 

16cfci ~4 ~4 1 




\lauklk2 



F^exp(c2 + 



where F is defined in (13. ip . 

Proof. Let us denote u = ui — U2, f = fi — f2 etc. Subtracting equations (15.11) and (15.41) we find 

du 

— + (1/ + i/r)An + (ni • V)ni - {u2 ■ V)u2 = 21/^ rotw + /. (5-14) 
By taking the inner product of (|5.14p and Au in H, we get 

+ {u + Ur)\Au\'^ +b{u,ui,Au) +b{u2,u,Au) 
= 2iyr{rotuj,Au) + (/, Au). 

Exploiting the orthogonality property (|2.2p we obtain (c.f. [24] ) 

b{u, ui,Au) + b{u2,u, Au) = —b{u, u, Aui), 
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thus we can write (I5.15P in the form 

-7-|l"(*)ll^ + + '^r)\Au\'^ = 2ur{Totuj,Au) + {f,Au) +b{u,u,Aui). (5.16) 
We estimate the terms in the RHS of (|5.16|1 using (|2.3|) . Lemma [2] and Young's inequahty 

2ur{iotuj,Au) < + 2fr||u;|p, 

if,Au)<'±\Au\' + ^\f\^ 
biu,u,Aui) < ci|u|^/2||^|| . |yiu|i/2|^^^| 

„l/4 

< -^r^iuY^'Ml ■ \Au\'/'\Au,\ 

^^rj^JM-M-\Au,\ 

^1/4 

< ^vin^luW ■ \Au\'/'\Au,\ 

Using above estimates we find from (I5.16P that 

1 1/4 (5.17) 

< 2,.r\M' + ^\f\' + ^r?(u)i/2||^|| . \Au\y'\Am\. 

Now we treat equations for microrotation (|5.3p and (|5.6p in similar way. Subtracting them we find 

— + aAiu> + (ni • \7)uji — {u2 ■ V)ijJ2 + 41/^0' = 2vr rot u + g. (5.18) 



Muhiplying (I5.18P by Aiu and integrating over Q we get 

6i(n, Lo, Aiuj) 

2fr(i'ot Aiuj) + (51, 74ia;). 



+ +bi{u,uj,Aiuj) + 6i(ti2, w, ^iw) + 4i/r||w|p 



20 



We estimate the nonlinear terms as follows 

bi{u,0Ji,Aiuj) < ci|n|i/2|^^|i/2||^^|| . i^^^i 

< ^|^ia;|2 + M|^|.|^^|.||^,|2 
o a 

bi{u2,uj,Aiuj) < ci|n2|^/^|ylu2|^/^||u;|| • \Aiuj\ 

< ^l^iwl^ + —1^21 • \Au2\ ■ ||a;|p 
8 a 

and the terms in the RHS of (|5.19p similar to the terms in the RHS of (I5.16P , that 

2M,.(rotn, Aiw) < ^|^icj|^ + — ll-ull^, 



a 

.Aiu;) < :i\AM' + -\9\''- 



■ |2 , 2, ,2 



a 

Using above estimates we infer from (I5.19P that 

HW^f + +4l^r||w|P - — Ihll^ - —\U2\ ■ \AU2\ 

2 at 2 a ^ a 

<\\' + '^\Au\' + ^\u\'M\ 
a 4 ct^z/ 

Adding ([STtII and (lOOll we have 



2ci \ 4c| 

2T 



|wir —\u2\ ■ \Au2\ - 2ur] - ^inriiwiir 



9 ^ ^1/4 

< ^ (I/I' + bp) + ^^H^/^lkll • 



where /cs = min{z^r', «}- By Lemma[2]we conclude that 



c 



and analogous inequality for uj 
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By the Poincare inequality we get 

%u\^\\u:,\\' < ^WufWurW^ (5.24) 
Taking into account (l5:22ll - (l5:24ll we infer from (lOTTl that 

d ,.. ,,2 II ||2N I hXiN c?c^/^| , |2 2ci| | |^ | 

+2^^.-^11-111') (IHI^ + IMP) 



Denoting 



2^ 



(5.25) 



= ^ ^l^^^l - ^ - V'^^l • l^^^l + - ^ 

/3(t) = 2f p (l/l^ + + ^r,(n)V2||^|| . \Au\y'\Au,\ + ^i^(r?(n)2 + r?(.;) 

we can write (|5.25ll in the form 

The time average of /3 = P{t) goes to zero as time goes to infinity because for t bounded away from zero, 
time averages of the square of norms of ui and U2 in D{A) are uniformly bounded (see section [3|), so the 
condition (I4.12P of Lemma [1] is satisfied. Using again the same argument one can check that assumption 
([4TT]) is satisfied. 
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In order to check assumption (|4.10l) we write 

t+T 



liminf— / 7(s)(is>2 

T J ^ - y 



kiXiN 



Therefore if 







+ 2l^r - 






a 


t+T f 






\\[ 


XiNv 



hmsup— / \- — ^;-j—\Aui{s) 

t—>oo 



+ —\u2{s)\ ■ \Au2{s)\ + I ds 



a 



fA-T 

1 f fp2 1/2 

t ^ 

+ S.|A<.2(s)|2 + Jl-||^i(,5)||4dsj 
\c a \ Xii' a I 



Xiavkik2 



exp(c2 + csF^) 



Xiki I a ' \ '^i^ 



5aA;2 + 32i/2 ~2 , 16Cci -g , £,4n \ ^c- oR^ 

aklk2 ^ + ^^"^ '"P^^^ + '^"^ V ^ ^ ^ 

Aiaz/Kifc2 I 

then (|4.10l) holds, other assumptions are also fulfilled and we infer from uniform Gronwall lemma that 
\\u{t)\\^ + ||w(i)||2 ^ as t ^ oo. That ends the proof. □ 
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6 Hausdorff and fractal dimension of attractor 



In this section we recall the notions of Hausdorff and fractal dimension of an invariant set. Then we show 
that the attractors Auj.ji'r > associated with the system (ll.ip - (|1.3p have finite Hausdorff and fractal 
dimensions, which can be estimated by constants depending on the data: /, (7,z^, a and the domain of 
flow Q but independent of the microrotation viscosity Ur. 

Let {X, d) be a metric space and y C X be a subset of X. For every d G M+ and e > we set 

fiH{Y,d,e)=mfY,rf, 

where the infimum is for all coverings of F by a family {Bi)i^j of balls of radii < e. hhO^, d, e) is non 
increasing function of e. The number d), called the d-dimensional Hausdorff measure of set Y, is 

defined as 

IJ,Hiy, d) = lim fiH(y, d, e) = sup/x/^(y, d, e). 

If fiH{Y, d') < oo for some d' then uniY, d) = for every d > d' . Then there exist do E [0, oo] such that 
fiH{Y,d) = for every d > d^ and ^nO^^d) = oo for d < d^. The number do is called the Hausdorff 
dimension of F - duiY). 

Now we define the fractal dimension of Y . Let e > 0, we denote by ny(e) the minimum number of 
balls of X of radius e necessary to cover the set Y . The fractal dimension of Y , called also the capacity 
of y, is the number dp defined as follows 

A (v\ V logny(e) 

dpyy ) = iimsup — ; — . 

log 1/e 

We refer the reader to [26] for more details. 

Theorem 3. There exist a constant Cq depending only on the shape of Q, which has following property. 
If N is an integer such that 

N-K 2Co{klk2r^'^ (l/P + \g?f^ < N, (6.1) 

where ki,k2 are as in (13. 2p . then the N -dimensional volume element in phase space 7i is exponentially 
decaying, moreover the Hausdorff dimensions of Ay^, Vr > are less or equal to N and the fractal 
dimensions are less or equal to 2N . 



Proof. The relation (|6.ip proceeds from estimates for the uniform Lyapunov exponents associated with 
attractors Aur- 

First, we rewrite our equations (11.1(1 - (jl.Sp in a more suitable form. In order to do this we introduce 
some notations. Let Ui = {ui,uJi) £ TL (or V) for i = 1,2. We introduce scalar products and norms in TL 
and V as follows 

[UI,U2] = {UI,U2) + (W1,W2), [u] = [U,U]'^^'^ 
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for all u,ui,U2 GTC and 

[[ui,U2]] = (Vul, Vns) + (Vwi, Vw2), [[u]] = [[u, u]]^^^ 

for all u,ui,U2 G V. The notation seems to be confusing, but it will be always clear from context if (• 
denotes the scalar product in or a vector in H or V. 
We define the trilinear form S on V x V x V by 

B{ui,U2,U3) = b{ui,U2,U3) + 61 (m , 0^2, ^3) 

and associate with B the bilinear continuous operator B from V x V to V as follows 

{B{ui,U2),(p) = B{ui,U2,(p) ni,n2,0 e V. 
We define bilinear forms R and a from V x V by 

R(ui,U2) = — 2t'r(rot L0i,U2) — 2fr(l'Ot Ui,UJ2) + 4fr('^l7 '^2)) 
a{ui,U2) = {1^ + Ur){Vui,Vu2) + a{Vu!l,Vu!2) 

and associate linear, continuous operators on V to V' by 

{n{u),(l)) = R{u,4>), (^(n),0) = a(n,(/>), G V. 

Let G = {f,g) G H, then the weak form of ([171]) -dLS]), which has form (c.f. [H]) 

^(n(t), ^(t)) + + Ur){Vu{t),Vip{t)) +b{u{t),u{t),^) 

= 2ur {rot u;(t),ip) + (/, ip) 

for all (/9 G y,and 

j^{^{t),^) + a(Vw(t), VV) +6i(n(t), V^) + 4z.,(u;(t), V) 

= 2fr(rotti, V') + {g{t),tp) 
for all G Hp{Q), in the sense of scalar distributions on (0, cxd), can be rewritten as 

^[u,(/>] + a{u,(j)) + B{u,u,(j)) +R{u,4)) = [G,</>], 
where u = {u,uj),(f) = {(p, tp) or in the functional form 

+ Aiu) + Biu, u) + IZiu) = G. 

at 

We will concern ourself with the corresponding, linearized about u problem 
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where F'{u) = -A{U) - B{u, U) - B{U, u) + 7^(C/). 
Our aim now is to estimate form above the trace 



N 



i=l 

where ipj = ^jir), j = 1, . . . , is an orthonormal in H basis of ¥j\f{T)TC = Span{[/i(r), . . . , Uj\[{t)}, 
P7v(t, ^1, . . . , ^at) being the orthogonal projector in H on the space spanned by Uj{T), j = 1,...,N, 
where Uj satisfy 

jU,=F'{u)Uj, C/,(0)=e„ j = l,...,N. 
Because B{u,ipj,ipj) = 0, we have 

[F'{u)(fj,(fj] = -a{ipj, ipj) - B{Lpj,u, ifj) - R{Lpj,ipj). 
Let us write u = (n, and ipj = {vj,Zj), then we obtain 

N N N 



^a{Lpj,ipj) = -{i^ + i^r)^\\vj\\'^ - 

i=l 1=1 1=1 

N N N 

i=l 1=1 i=l 



and 



N N N N 

|2 



— 'Y^R{(pj, ifj) = 2vy. ^^(rot Zj,Vj) + 2i'r ^^(I'ot vj, zj) — ivj. 

i=l i=l 1=1 i=l 

Now let us consider the operator a + R 

a{(pj,(pj) + R{Lpj,(pj) = {i^ + Ur){{vj,Vj)f + a{{zj,Zj)f 

— 2vr (rot Zj ,Vj) — 2i'r (rot Vj , Zj) + Al^r I -Zj P • 

Because of (12.4(1 . Schwartz and Young's inequalities we have 

2i/r (rot Zj ,Vj) + 2i'r (rot Vj ,Zj) = Av^ (rot Zj ,Vj) < 1 1 f j 1 1 ^ + 4fj. \zj\'^ , 

therefore 

a{ipj,ipj) +R{(pj,ipj) > u{{vj,Vj)) +a{{zj,Zj)) > ki[[tpj,(pj]] ^ipj G V, 
where ki = min{z^, a} as in (13. 2p . whence 

JV N 

i=l 1=1 



26 



We estimate the trilinear form b as follows 



N 



i=l 



N 
i=l 



< J \Vu{x,t)\pi{x,t) dx, 
Q 



where 



and similarly the form bi 



N 



pi{x,t) = Y\vj{x,t)\'^, 



N 



Ybi{vj,u,Zj) 



1=1 



N 

1=1 ^, 



< / \Vu{x,t)\pi{x,tf/'^p2{x,t)^^'^dx, 



where 



N 



pi{x,t) = ^|zj(x,t)|^ 



i=l 



Therefore we can estimate the form B as follows 

N 



i=l 



< J {\Vu\pi + \Vuj\py^pl^^) dx. 



Setting p = pi+ P2 and by Cauchy and Schwartz inequalities we get 

N 



1=1 



< j {p\Vu\ +p\Vuj\) dx 
Q 



1/2 



< I j p dx 



< IpI (|V«p + |Va;p) dx 

V Q 
= V2\p\ . [[u]]. 



J {\Vu\ + \Vu;\f dx 
Q 

\ 1/2 
J 



\ 1/2 
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From the above estimates we infer that 

N 

Tr F'(n(r)) oP^(r) < -hJ2iiVj{T)]f + V2\p{t)\ • [[n(r)]]. (6.4) 



i=l 

Because the family {(pj{T)}jLi is orthonormal in Ti, then the family of corresponding pairs {vj,Zj) is 
orthonormal in L^((5)^^^ and we can use a generalization of the Sobolev-Lieb-Thirring inequality (|15|) 
and write 

N N 

\p{r)\' < CoY^iHW + Ik.in = Co^[[^j{r)]]\ (6.5) 
1=1 1=1 

where the constant Cq depends only on the shape of Q. 

Let us perceive that Jg p{x, t) dx = N, then by Schwartz inequality we get 

N'<\Q\-\p\', 

and taking into account (|6.5I) 

E[[V'.W]]^>7717^- (6-6) 



ColQl 

We estimate the second term of the RHS of (|6.4p using Young's inequality, (16.51) and (16.61) 
V2\p\ ■ [[u]] <^\P\' + ^[[ur < y E[b.]]^ + 

^ ^ i=l ^ 

From the above considerations, we have 

T^'F'(S(r))oPMr)<-|^ + fpr. (6.7) 

Let uq = {uo,uJo) £ A, u{t) = S{t)uq. Let us set 

qN{t)= sup supM / TrF'{S{T)uo)oFN{T)dT:CieH, [^,] < 1, i = 1, . . . , N 

uo&A y Q 

qn = limsup(7Ar(t) 

In view of (16. 7p . we conclude that 



where 



7 = lim sup- / [[S{t)uo]]'^ dr. 
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We can estimate 7 in terms of the data using (13.61) . Since 

t 



then 

kl Ar2 , C'O r^i2 



and by (lOll 

Setting 

we can write (16.911 in the form 



QN < -Kl-/V^ + K2. 

The general theory provided in pJJ allows us to conclude that the uniform Lyapunov exponents 
associated with the attractor satisfy 

Ail H \- fJ-j < + K2, Vj G N, 



and for N satisfying (c.f.. Lemma VI, 2.2 in |15j) 



the thesis of Theorem [3] holds. □ 

The estimate of the dimension of the global attractor, which we obtained, is similar to analogous 
estimate for micropolar fluid equations with no-slip boundary conditions (c.f. [l^), but of the higher 
order than analogous estimate for NSE with periodic boundary conditions. 



7 Conclusions 



The lack of orthogonality property of the form 61, which was mentioned is subsection [21 causes that 
the estimates of numbers of determining modes, nodes and the dimension of global attractor are more 
involved than corresponding estimates for Navier-Stokes equation in space-periodic case. The reason is 
following: estimates of the square of the norm of solution in V and the average of the square of the norm 
in D{A) for NSE, which are analogous to (|3.9I) and (13. lip , are square with respect to F (c.f. [2^), where 



F 



lim sup 

>oo 



1/2 



\fix,t)\^dx 
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The estimates (|3.9p and (|3.11|) are exponential with respect to F, which impHes exponential estimate 
of the number of determining nodes. We can't obtain linear dependence of the number of determining 
modes on F because the form bi doesn't have the orthogonality property (12. 2p . 

We check how the estimates we obtained depend on Vj.- The case when Vr is small is particularly 
interesting because if f^. = the micropolar fluid system reduces to the Navier-Stokes system and the 
velocity field u becomes independent on microrotation field oj 

ut — I'Au + {u • V)n + Vp = f, 
divu = 0, 
LOt — aAuj + {u ■ V)u! = g. 

1. The estimate of the number of determining modes m ~ cii^^^ + C2 (c.f. (|4.23l) ) is similar to that for 
Navier-Stokes equation ([25) and micropolar fluid equations ([9]), both with Dirichlet boundary 
conditions. The coefficient ci doesn't depend on Vr but if — > then C2 ^ so, if = our 
estimate agrees with that for Navier-Stokes equation. 

2. The estimate of the number of determining nodes m ^ P{F) + Q{F) exp{R{F)) (c.f. (I5.26P ). where 
P,Q and R are polynomials is similar to that for NSE with Dirichlet boundary conditions (|24|). 
If i^r — > the above estimate remains exponential with respect to F. Our result is much worse 
than analogous result for Navier-Stokes equation in pi], where it was shown that the dependence 
is linear. 

3. The estimate of the dimension of a global attractor (|6.ip doesn't depend on Ur and is similar to 
such estimates for NSE pH with Dirichlet boundary conditions and for micropolar fluid equations 
with Dirichlet boundary condition [T7] 
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